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Outline

� Discrete-time Markov Chains
� Reading: Section 3.3 of Srikant & Ying

� Little’s Law 

� The Geo/Geo/1 Queue

� R. Srikant and Lei Ying, Communication Networks: An Optimization Control 
and Stochastic Networks Perspective, Cambridge University Press, 2014. 
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Discrete-time Markov Chains
� Let 𝑋! be a discrete-time stochastic process that takes on 

values in a countable set. 𝑋! is called a Discrete-Time Markov 
Chain (DTMC), or simply Markov Chain, if

� Given the present state, the future is independent of the past

� A Markov chain is called time-homogenous, if 
is independent of k

� We only consider time-homogenous Markov chains

Pr(Xk = ik|Xk�1 = ik�1, Xk�2 = ik�2, . . .) = Pr(Xk = ik|Xk�1 = ik�1)
<latexit sha1_base64="wzFB090ZfIdyBQC1OXhdmj95L8Y="></latexit>

Pr(Xk = j|Xk�1 = i)
<latexit sha1_base64="d9P36VG4SwnZbu5X+75U7ZESH/Y=">AAACBHicbVDLSsNAFJ34rPUVddnNYBHqwpJoQTdCwY3LCrYNtCFMppN2zGQSZiZCiV248VfcuFDErR/hzr9x0mahrQcunDnnXube4yeMSmVZ38bS8srq2nppo7y5tb2za+7td2ScCkzaOGaxcHwkCaOctBVVjDiJICjyGen64VXud++JkDTmt2qcEDdCQ04DipHSkmdW+i1Rc7wQXsI7+AAdLwtP7Il+0eOyZ1atujUFXCR2QaqgQMszv/qDGKcR4QozJGXPthLlZkgoihmZlPupJAnCIRqSnqYcRUS62fSICTzSygAGsdDFFZyqvycyFEk5jnzdGSE1kvNeLv7n9VIVXLgZ5UmqCMezj4KUQRXDPBE4oIJgxcaaICyo3hXiERIIK51bHoI9f/Ii6ZzW7bO6ddOoNhtFHCVQAYegBmxwDprgGrRAG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHW0OVSQ==</latexit>
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Discrete-time Markov Chains (2)

� Each time-homogenous Markov chain has a transition 
probability matrix P, such that 

� Let p[k] denote a vector of probabilities with

� Then,  

Pij = Pr(Xk = j|Xk�1 = i)
<latexit sha1_base64="v9K/DczBP2LsVrI1348KLhdjqlk=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAV6sKSaEE3QsGNywi2DbQhTKaTdprJhZmJUGJfwI2v4saFIm7du/NtnLRZaOsPAx//OYcz5/cSRoU0jG+ttLS8srpWXq9sbG5t7+i7e20RpxyTFo5ZzG0PCcJoRFqSSkbshBMUeox0vOA6r3fuCRc0ju7kOCFOiAYR9SlGUlmufmS5GR1N4BXsWbxmu4GiEXyAtpsFp2bu05OKq1eNujEVXASzgCooZLn6V68f4zQkkcQMCdE1jUQ6GeKSYkYmlV4qSIJwgAakqzBCIRFONr1mAo+V04d+zNWLJJy6vycyFAoxDj3VGSI5FPO13Pyv1k2lf+lkNEpSSSI8W+SnDMoY5tHAPuUESzZWgDCn6q8QDxFHWKoA8xDM+ZMXoX1WN8/rxm2j2mwUcZTBATgENWCCC9AEN8ACLYDBI3gGr+BNe9JetHftY9Za0oqZffBH2ucPhuGYmg==</latexit>

pj [k] = Pr(Xk = j)
<latexit sha1_base64="7X5XTrd1vswcRUN7K1P69qqdRxM=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCHVTEi3oRii4cVnBXiANYTKdtNNMLsxMhFK68VXcuFDErY/hzrdx0mahrT8MfPznHM6c3085k8qyvo2V1bX1jc3SVnl7Z3dv3zw4bMskE4S2SMIT0fWxpJzFtKWY4rSbCoojn9OOH97m9c4jFZIl8YMap9SN8CBmASNYacszj1Nv5IQuQjeo1xTVrhdqGp2XPbNi1ayZ0DLYBVSgUNMzv3r9hGQRjRXhWErHtlLlTrBQjHA6LfcySVNMQjygjsYYR1S6k9kBU3SmnT4KEqFfrNDM/T0xwZGU48jXnRFWQ7lYy83/ak6mgmt3wuI0UzQm80VBxpFKUJ4G6jNBieJjDZgIpv+KyBALTJTOLA/BXjx5GdoXNfuyZt3XK416EUcJTuAUqmDDFTTgDprQAgJTeIZXeDOejBfj3fiYt64YxcwR/JHx+QP1dJQA</latexit>

p[k] = p[k � 1]P
<latexit sha1_base64="3UwfaYDjgyhNW9tPA0Hb2c+N31A=">AAACAHicbVC7SgNBFL3rM8ZX1MLCZjAINoZdDWgjBGwsI5gHbJYwO5lNhsw+mLkrhiWNv2JjoYitn2Hn3zhJttDEA8MczjmXmXv8RAqNtv1tLS2vrK6tFzaKm1vbO7ulvf2mjlPFeIPFMlZtn2ouRcQbKFDydqI4DX3JW/7wZuK3HrjSIo7ucZRwL6T9SASCUTRSt3SYuEOPXBNznTke6SB/RD8g9W6pbFfsKcgicXJShhwm/9XpxSwNeYRMUq1dx07Qy6hCwSQfFzup5gllQ9rnrqERDbn2sukCY3JilB4JYmVOhGSq/p7IaKj1KPRNMqQ40PPeRPzPc1MMrrxMREmKPGKzh4JUEozJpA3SE4ozlCNDKFPC/JWwAVWUoemsaEpw5ldeJM3zinNRse+q5Vo1r6MAR3AMp+DAJdTgFurQAAZjeIZXeLOerBfr3fqYRZesfOYA/sD6/AF55pT/</latexit>
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Key Questions

The following questions are important in the study of Markov chains.

� Does there exist a distribution vector 𝜋 so that                 ? 
� If it exists, it is called a stationary distribution. 

� If there exists a unique stationary distribution, does convergence
hold for all         ? 

⇡ = ⇡P
<latexit sha1_base64="fwoHLE1/8bSDa9jU42t7vNsKEQ8=">AAAB/HicbVDLSgMxFM3UV62vapdugkVwVWZUsBuh4MZlBfuAzlAyaaYNzWSG5I44DPVX3LhQxK0f4s6/MdPOQlsPJBzOOZfcHD8WXINtf1ultfWNza3ydmVnd2//oHp41NVRoijr0EhEqu8TzQSXrAMcBOvHipHQF6znT29yv/fAlOaRvIc0Zl5IxpIHnBIw0rBac2OOr3F+u8AewQ9we1it2w17DrxKnILUUQGT/3JHEU1CJoEKovXAsWPwMqKAU8FmFTfRLCZ0SsZsYKgkIdNeNl9+hk+NMsJBpMyRgOfq74mMhFqnoW+SIYGJXvZy8T9vkEDQ9DIu4wSYpIuHgkRgiHDeBB5xxSiI1BBCFTe7YjohilAwfVVMCc7yl1dJ97zhXDTsu8t6q1nUUUbH6ASdIQddoRa6RW3UQRSl6Bm9ojfryXqx3q2PRbRkFTM19AfW5w8h+5PB</latexit>

lim
k!1

p[k] = ⇡
<latexit sha1_base64="gEJ+KxKwk4FiSKLiJ9fatDZDSjg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclUQFuxEKblxWsA9IQphMJ+3QySTM3Cgl9Avc+CtuXCji1rU7/8bpY6GtBy4czrmXe++JMsE1OM63tbK6tr6xWdoqb+/s7u3bB4dtneaKshZNRaq6EdFMcMlawEGwbqYYSSLBOtHweuJ37pnSPJV3MMpYkJC+5DGnBIwU2lVf8CQshr7i/QEQpdIH7HMZw2iMM28Y4CvsZzy0K07NmQIvE3dOKmiOZmh/+b2U5gmTQAXR2nOdDIKCKOBUsHHZzzXLCB2SPvMMlSRhOiim74xx1Sg9HKfKlAQ8VX9PFCTRepREpjMhMNCL3kT8z/NyiOtBwWWWA5N0tijOBYYUT7LBPa4YBTEyhFDFza2YDogiFEyCZROCu/jyMmmf1dzzmnN7UWnU53GU0DE6QafIRZeogW5QE7UQRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gA5NZwl</latexit>

p[0]
<latexit sha1_base64="9+CUae0tvn1fJA7Pp34s/Qn0zHg=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lUsMeCF48VTFtIQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5UcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJVyeZItQnCU9UP8Kaciapb5jhtJ8qikXEaS+a3hV+74kqzRL5aGYpDQUeSxYzgk0hpYEbDusNt+kugNaJV5IGlOgM61+DUUIyQaUhHGsdeG5qwhwrwwin89og0zTFZIrHNLBUYkF1mC9unaMLq4xQnChb0qCF+nsix0LrmYhsp8Bmole9QvzPCzITt8KcyTQzVJLlojjjyCSoeByNmKLE8JklmChmb0VkghUmxsZTsyF4qy+vk+5V07tuug83jXarjKMKZ3AOl+DBLbThHjrgA4EJPMMrvDnCeXHenY9la8UpZ07hD5zPH6hnjfI=</latexit>
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Irreducible Markov Chains

� Exercise 1. two-state Markov chain with

� Is it irreducible?

� What is its stationary distribution?
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Exercise 2 
� Consider a two-state Markov chain with

� Is it irreducible?

� What is its stationary distribution?

� Does                          ?                     lim
k!1

p[k] = ⇡
<latexit sha1_base64="gEJ+KxKwk4FiSKLiJ9fatDZDSjg=">AAACDnicbVDLSsNAFJ34rPUVdelmsBRclUQFuxEKblxWsA9IQphMJ+3QySTM3Cgl9Avc+CtuXCji1rU7/8bpY6GtBy4czrmXe++JMsE1OM63tbK6tr6xWdoqb+/s7u3bB4dtneaKshZNRaq6EdFMcMlawEGwbqYYSSLBOtHweuJ37pnSPJV3MMpYkJC+5DGnBIwU2lVf8CQshr7i/QEQpdIH7HMZw2iMM28Y4CvsZzy0K07NmQIvE3dOKmiOZmh/+b2U5gmTQAXR2nOdDIKCKOBUsHHZzzXLCB2SPvMMlSRhOiim74xx1Sg9HKfKlAQ8VX9PFCTRepREpjMhMNCL3kT8z/NyiOtBwWWWA5N0tijOBYYUT7LBPa4YBTEyhFDFza2YDogiFEyCZROCu/jyMmmf1dzzmnN7UWnU53GU0DE6QafIRZeogW5QE7UQRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gA5NZwl</latexit>
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Aperiodic Markov Chains

� The greatest common divisor of {4,6,8} is 2.
� The greatest common divisor of {3,7,9} is 1, where 3 and 7 are prime numbers. 
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Finite State Space

� Finite state space + irreducible + aperiodic è existence + uniqueness 
+ convergence to stationary distribution
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Infinite State Space
� If the state space is infinite, the existence of a stationary distribution 

is not guaranteed, even if the Markov chain is irreducible.

� Exercise 3. Markov chain with infinite state space and

� Is it irreducible?
� Is it aperiodic?
� What is its stationary distribution?

<latexit sha1_base64="ddayKsBqekwBpmZ6VqEwpsN0E5c="></latexit>

P =

2

666664

2/3 1/3 0 0 0 . . .

1/3 1/3 1/3 0 0
. . .

0 1/3 1/3 1/3 0
. . .

...
. . .

. . .
. . .

. . .
. . .

3

777775
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Positive Recurrent Markov Chains
� Additional property is needed for existence of stationary 

distributions in countable-state-space Markov chain
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Positive Recurrent Markov Chains (2)
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Computing Stationary Distributions
� Solve                 ,                    ,  

� There are instances where one cannot easily solve the equation. 
But we would still like to know if the stationary distribution exists.

� It is often easy to verify the irreducibility and aperiodicity of a 
Markov chain, but, in general, it is difficult to verify directly 
whether a Markov chain is positive recurrent from the definitions

⇡ = ⇡P
<latexit sha1_base64="fwoHLE1/8bSDa9jU42t7vNsKEQ8=">AAAB/HicbVDLSgMxFM3UV62vapdugkVwVWZUsBuh4MZlBfuAzlAyaaYNzWSG5I44DPVX3LhQxK0f4s6/MdPOQlsPJBzOOZfcHD8WXINtf1ultfWNza3ydmVnd2//oHp41NVRoijr0EhEqu8TzQSXrAMcBOvHipHQF6znT29yv/fAlOaRvIc0Zl5IxpIHnBIw0rBac2OOr3F+u8AewQ9we1it2w17DrxKnILUUQGT/3JHEU1CJoEKovXAsWPwMqKAU8FmFTfRLCZ0SsZsYKgkIdNeNl9+hk+NMsJBpMyRgOfq74mMhFqnoW+SIYGJXvZy8T9vkEDQ9DIu4wSYpIuHgkRgiHDeBB5xxSiI1BBCFTe7YjohilAwfVVMCc7yl1dJ97zhXDTsu8t6q1nUUUbH6ASdIQddoRa6RW3UQRSl6Bm9ojfryXqx3q2PRbRkFTM19AfW5w8h+5PB</latexit>

X

i

⇡i = 1 ⇡i � 0
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Sufficient Condition for Positive Recurrent 
� There is a convenient test called Foster’s test or the Foster–

Lyapunov test to check for positive recurrence:
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Exercise 4. Stability of a Queue

<latexit sha1_base64="1Gy+qslX+cn6bHTLPZd3ff9QRbo=">AAACCnicbVDLSgMxFM3UV62vUZduokVoqZYZUexGKLhx2YJ9QGcomTRtQ5PMkGTEMnTtxl9x40IRt36BO//GtJ2FVg/kcnLOvST3BBGjSjvOl5VZWl5ZXcuu5zY2t7Z37N29pgpjiUkDhyyU7QApwqggDU01I+1IEsQDRlrB6Hrqt+6IVDQUt3ocEZ+jgaB9ipE2Utc+rBd0yS3CK+hxdO8l5losIVNOA1NOHG/StfNO2ZkB/iVuSvIgRa1rf3q9EMecCI0ZUqrjOpH2EyQ1xYxMcl6sSITwCA1Ix1CBOFF+MltlAo+N0oP9UJojNJypPycSxJUa88B0cqSHatGbiv95nVj3K35CRRRrIvD8oX7MoA7hNBfYo5JgzcaGICyp+SvEQyQR1ia9nAnBXVz5L2meld2LslM/z1craRxZcACOQAG44BJUwQ2ogQbA4AE8gRfwaj1az9ab9T5vzVjpzD74BevjGwXBl0c=</latexit>

Q(t+ 1) = max{Q(t) + a(t)� b(t), 0}

� Consider a queue with 𝑄(𝑡) customers at time-slot 𝑡. 𝑎(𝑡) customers 
arrive at the beginning of time-slot 𝑡, 𝑏(𝑡) customers leaves at the end 
of time-slot 𝑡. 𝑄(𝑡) is a Markov chain, which evolves according to 

𝑎(𝑡) = 0 or 4 with prob. 0.5, and it is i.i.d. over time. 𝑏(𝑡) = min{𝑄(𝑡), 3}.

� Question: Does 𝑄(𝑡) converge to a unique stationary distribution? 
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Summary
� Key questions for Markov chain

� Existence of stationary distribution ?
� Convergence to unique stationary distribution ? 

� Finite-state-space Markov chain
� Irreducible + aperiodic è existence + uniqueness + convergence

� Countable-state-space Markov chain
� Foster-Lyapunov è positive recurrent 
� Irreducible + aperiodic + positive recurrent è existence + 

uniqueness + convergence

� Reading: Section 3.3 of Srikant & Ying


